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We present an ab initio study of the lattice dynamics of group-IV elemental semiconductors and insulators
using a finite differences approach. The investigated solids include cubic diamond �C�, silicon �Si�, germanium
�Ge�, and the zero-gap semiconductor gray tin ��-Sn�. The main objective of this work is to examine the
performance of the screened hybrid functional �HSE� proposed by Heyd, Scuseria, and Ernzerhof �J. Chem.
Phys. 118, 8207 �2003�; J. Chem. Phys. 124, 219906�E� �2006�� for calculating phonon-dispersion relations.
We find that all local and semilocal functionals tend to underestimate the phonon frequencies, with the errors
increasing with increasing atomic mass. For �-Sn, semilocal functionals even qualitatively fail to describe the
dispersion of the highest optical phonon mode. We show that this is related to semilocal functionals predicting
�-Sn to be a metal, whereas experimentally it is a zero-gap semiconductor. The HSE functional yields the
correct electronic band structure resulting in qualitatively correct phonon-dispersion relations for all four
solids. Quantitatively, the phonon frequencies are slightly overestimated using HSE, in particular for the lighter
elements C and Si. Our results are compared to previously reported theoretical findings.
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I. INTRODUCTION

The first-principles calculation of lattice dynamical prop-
erties within electronic structure theory requires either the
evaluation of second derivatives or a very precise determina-
tion of the Hellmann-Feynman forces acting on the atomic
cores in the solid due to the displacement of a single atom in
a large supercell �finite differences�. For extended systems,
this was commonly achieved within Kohn-Sham density
functional theory �KS-DFT� �Refs. 1 and 2� utilizing the
standard approximations for the exchange-correlation �xc�
energy functional Exc, i.e., the local density approximation
�LDA� �Refs. 2–4� or the generalized gradient approximation
�GGA�, where the most common one is the Perdew-Burke-
Ernzerhof �PBE� form.5,6 Both rely on the xc energy per
particle of the uniform electron gas with density n�r� and
thus are expected to be useful for systems with slowly vary-
ing densities only �so-called local/semilocal functionals�.
Nevertheless, they have proven to be rather universally ap-
plicable in theoretical materials science and achieve fairly
good accuracy for ionization energies of atoms, dissociation
energies of molecules, and cohesive energies, as well as bond
lengths and geometries of molecules and solids.7–9 This un-
expectedly good performance of DFT-LDA/GGA for the
ground-state properties of many materials is due to partial
error cancellation in the x and c energy parts.

One problem of the two most commonly applied
functionals—LDA and PBE—is that LDA consistently un-
derestimates the lattice constants of solids, an effect that is
commonly referred to as overbinding,10 whereas PBE almost
always overestimates the volume. Compared to experiment,
the errors typically amount to 2–5 % in the volume. When
calculating vibrational properties one is thus faced with the
decision, whether one should evaluate the vibrational prop-
erties at the theoretically predicted equilibrium lattice con-
stants or at the experimental lattice constants. One can cer-
tainly argue in favor of both choices. The first choice
�theoretical volume� will guarantee that all sum rules for

acoustic branches are properly fulfilled, whereas the second
choice might yield results that agree better with experimental
values. It is well known that the small error in the predicted
equilibrium volume translates into fairly large errors in the
elastic properties. The bulk modulus for instance is typically
10% overestimated at the LDA equilibrium volume and 10%
underestimated at the GGA volume. Since the elastic moduli
are related to the slope of the zone-centered acoustic
branches, errors in the elastic moduli will be also visible in
the calculated vibrational properties. It is, therefore, expected
that calculations at the LDA volume should yield too hard
phonons, whereas calculations at the GGA volume should
yield too soft phonons. It is remarkable, that despite this
argument, LDA based calculations at the LDA volume give
the phonon-dispersion relations for the group-IV elemental
semiconductors diamond �C�,11 silicon �Si�,12 germanium
�Ge�,12 and gray tin ��-Sn� �Ref. 13� in outstanding agree-
ment with experimental findings. This is only partially attrib-
utable to scale factors that were introduced for the frequen-
cies, but seems to hinge mostly on a fortuitous but rather
systematic error cancellation: by employing the LDA and
hence underestimated lattice parameters in the phonon calcu-
lations good agreement with the experimental findings at am-
bient conditions is obtained for almost all branches. On the
other hand, PBE calculations at the PBE lattice constants
yield too soft phonon frequencies as first demonstrated for C
and Si by Favot and Dal Corso.14 This was shown to be
mostly related to too large theoretical PBE lattice constants.

To remedy the volume errors of LDA and PBE, much
effort has been put into the development of “new” xc func-
tionals. One such functional is the AM05 functional. It is
based on a sub system approach and attempts to fit jellium
energies and jellium surface energies �more precisely the airy
electron gas�.15 For solids, the functional improves much
upon PBE and yields lattice constants that are generally only
slightly larger than the experimental values.16 Subsequently,
Perdew modified the PBE functional in order to yield im-
proved surface energies, as well.17 This so-called PBEsol
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functional gives similar lattice constants and surface energies
as the AM05 functional.18

Another approach reducing the overestimation of lattice
constants are hybrid functionals.19 Hybrid functionals ad-mix
a certain amount of nonlocal Hartree-Fock �HF� exchange to
a part of local/semilocal LDA/PBE exchange �see Ref. 20
and references 32–41 therein�. Since the evaluation of the
HF exchange in extended systems, under periodic boundary
conditions, requires large computational effort, hybrid func-
tionals have mainly been applied in quantum chemistry. In
computational solid state physics, a breakthrough was
achieved by Heyd, Scuseria, and Ernzerhof, who proposed
the HSE03 functional defined by21–23

Exc
HSE03 =

1

4
Ex

HF,SR��� +
3

4
Ex

PBE,SR��� + Ex
PBE,LR��� + Ec

PBE.

�1�

The HSE03 functional benefits from the range separation of
the HF exchange into a short-�SR� and long-range �LR� con-
tribution and replaces the latter by the corresponding DFT
exchange part. The partition into SR and LR parts is defined
by the parameter � and carried out by decomposing the Cou-
lomb kernel according to

1

r
= S��r� + L��r� =

erfc��r�
r

+
erf��r�

r
, �2�

where erf and erfc are the error and complementary error
functions, respectively, and r= �r−r��. Thereby, the costly in-
tegrals representing the slowly decaying LR HF exchange
are avoided and the computational effort reduces signifi-
cantly. Hybrid functionals have the advantage of increasing
the band gap compared to conventional semilocal function-
als. We will show below that this can have significant effects
on the lattice dynamical properties, in particular in those
cases where semilocal functionals incorrectly predict metal-
lic behavior �Sn�.

The HSE03 functional,24 as well as its corrected form the
HSE06 functional,25 have been extensively applied to calcu-
late lattice parameters, bulk moduli, band gaps, and atomiza-
tion energies of solids including insulators, semiconductors,
and metals26–30 as well as adsorption energies for carbon
monoxide on metal surfaces.31 Izmaylov et al. have applied
HSE06 and other hybrid functionals to the study of vibra-
tional frequencies of few materials including bulk diamond,
two-dimensional hexagonal boron nitride, and organic poly-
mers by analytically evaluating the second energy deriva-
tives with respect to atomic displacements using Gaussian
type orbitals.32,33 To the best of our knowledge, a more com-
prehensive investigation of the lattice dynamical properties
using the HSE06 functional has not been accomplished yet
�for SrTiO3 and BaTiO3 see Ref. 34�. This motivated us, to
apply the HSE06 approach to the calculation of the phonon-
dispersion relations of the group-IV elemental solids C, Si,
Ge, and �-Sn. The main objective of this work is the com-
parison of the HSE06 results with LDA, PBE, PBEsol, and
experimental findings. The results presented herein are re-

viewed in the context of previously reported DFT calcula-
tions employing the LDA. Particular emphasis is placed on
the lattice constants used in the calculations.

II. METHOD OF CALCULATION

The results presented in this work were obtained using the
projector augmented wave �PAW� method35,36 as imple-
mented in the Vienna ab initio simulation package
�VASP�.37,38 For standard DFT calculations the xc energy
was treated within the GGA using the parameterization of
Perdew, Burke, and Ernzerhof �PBE� �Ref. 5� and its revised
form for solids, the PBEsol functional,17 as well as the LDA
�Ref. 4� for the purpose of comparison with previously pub-
lished calculations. In the present HSE calculations, the
HSE06 hybrid functional25 was applied, where the range-
separation parameter � was set to �=0.207 Å−1

�0.11 a.u.−1 for both, the semilocal as well as the nonlocal
part of the exchange functional. From now on, this particular
functional will be referred to as HSE.

A. Lattice dynamics from electronic structure theory

The lattice dynamical properties were calculated by a di-
rect approach employing the force constant method as out-
lined in Ref. 39. The key quantity is the interatomic force
constant �Hessian� matrix C�Rni� ,Rmj�� �Ref. 40� with Rni
=Rn+ ti denoting the position of the atoms in the solid at
zero temperature. In particular, Rn �Rm� is the vector con-
necting different primitive unit cells �PUCs� with n �m� run-
ning over all PUCs of the crystal, whereas ti �t j� defines the
position of the atom i �j� in the PUC with i �j� running over
all atoms in the PUC. The indices � and � label their Carte-
sian components, respectively. When calculating lattice dy-
namics from electronic structure theory,41 the Hessian matrix
within the harmonic approximation to the energy42,43 is given
by

C�Rni�,Rmj�� = −
�F��Rmj�
�u��Rni�

, �3�

=
�2E��R��

�u��Rni� � u��Rmj�
, �4�

where F��Rmj� represents the force acting on atom j, when
atom i is displaced by u��Rni� and E��R�� denotes the Born-
Oppenheimer energy surface. Due to the translational invari-
ance of the crystal, the force constants only depend on the
difference Rm−Rn,

C�Rni�,Rmj�� = Ci�,j��Rm − Rn� , �5�

and the eigenvectors fulfill a Bloch wave ansatz:

ũi��Rn� = ui�eiqRn. �6�

This leads to an implicit definition of the interatomic force
constants matrix in reciprocal space

Ci�,j��Rm − Rn� = 	
q

eiq�Rm−Rn�C̃i�,j��q� . �7�

According to the equation of motion D�q� ·u�q�=�2u�q�, the
vibrational eigenfrequencies of the solid are the eigenvalues
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��q� of the dynamical matrix Di�,j��q� defined as

Di�,j��q� =
1


MiMj

C̃i�,j��q� , �8�

where Mi and Mj are the masses of the atoms i and j, respec-
tively. Using this supercell approach only phonon frequen-
cies with wave vectors q that are commensurate with the
supercell dimension are exact. In practice, a finite supercell
is used to determine a set of Ci�,j��Rm−Rn�, where Rm−Rn
is constrained to lie in the Wigner-Seitz cell of the
supercell.44 Phonon frequencies at other q points are essen-
tially Fourier interpolated. In this work, supercells containing
64 atoms �2�2�2 conventional cells� were used to evaluate
the phonon-dispersion curves.

B. Computational details

The main input to our calculations is the crystal structures
of the solids. It is common practice to optimize the lattice
constants and internal degrees of freedom before predicting
other properties. It is also common practice to neglect zero-
point vibration effects. Unfortunately, for lattice dynamical
properties, lattice constants have a large effect on the abso-
lute vibrational frequencies, and it is hence not easy to de-
cide which lattice constants one should choose �theory or
experiment�. As already pointed out, the LDA significantly
underestimates the lattice constants, whereas the PBE over-
estimates the lattice constants by roughly the same amount.
In the present work, we aim to compare phonon frequencies
evaluated using the HSE functional to the standard local/
semilocal LDA/PBE functionals at one specific volume dis-
regarding effects caused by the change of the volume. Thus
the lattice constants were chosen to correspond to the lattice
constants at which the phonon-dispersion curves were mea-
sured. In the case of C and Si, the phonon frequencies have
been experimentally determined at ambient conditions only.
Accordingly, the room temperature lattice parameters of C
and Si were taken from Refs. 45–47. For Ge and �-Sn, the
phonon-dispersion curves have been measured at low tem-
perature. Therefore, the lattice constant of natural Ge at 80 K
was determined from Ref. 46 as well as from Table 1 in Ref.
48 by taking the values of its isotopes and weighting them
with their natural occurrences. In the case of �-Sn, the ex-
perimental value measured at 90 K �Ref. 47� was used. The
lattice constants and important parameters that determine the
accuracy of the VASP calculations are summarized in Table I.

The structural properties and bulk moduli of C, Si, Ge and
�-Sn were investigated using �12�12�12� �-centered
k-point meshes corresponding to 72 k points in the irreduc-
ible wedge of the Brillouin zone �BZ�. For HSE, the HF
exchange energy was evaluated on a �6�6�6� mesh.26 This
downsampling markedly reduces the computing time. For
evaluating the theoretical lattice constants a0 and the bulk
moduli B0, the volume dependence of the static lattice energy
was fitted to a Murnaghan equation of state49 covering the
range � /�eq=0.94–1.14, where �eq is the experimental
equilibrium volume at ambient conditions. In order to avoid
effects from the changes in the size of the basis set due to

changes in the unit cell volume �, the default kinetic energy
cutoff Ecut has been increased by 25%.

Regarding the electronic properties, the following settings
were applied. The charge density and wave functions were
converged with a uniform �24�24�24� �-centered k-point
mesh. Therefrom the fundamental band gaps were deter-
mined and the band structures E�k� were computed on a
discrete k mesh along high symmetry directions in the BZ,
i.e., from the L point with the reciprocal coordinates
�0.5,0.5,0.5� to the BZ center � �0,0,0� and the X point
�0,0,1� in units of 2� /a.

For the calculation of the phonon-dispersion curves, the
Brillouin zone integrations were carried out on symmetry
reduced Monkhorst-Pack50 �4�4�4� k-point grids using
the Gaussian smearing method with 50 meV smearing width.
In the case of HSE calculations, a �2�2�2� k-point grid
was applied and the k-point grid for the evaluation of the
short-range HF operator was further reduced by a factor of 2
according to Ref. 26. Convergence tests of the zone-center
phonon frequencies with respect to the k-point grid showed
that for the applied supercells an accuracy of 0.005 THz is
achieved with the given meshes. For �-Sn, the uncertainty of
the highest optical zone-center phonon frequency is 0.05
THz �0.008 THz� for PBE �HSE� with these settings. For the
electronic self-consistency loop a total energy convergence
criterion of 1.0�10−7 eV was applied to assure highly con-
verged forces.

III. RESULTS AND DISCUSSION

In order to obtain a precise description of the lattice dy-
namical properties, theory should be able to yield both, the
structural and the electronic properties of the materials with
high accuracy. To evaluate the accuracy of the applied func-
tionals for simpler ground state properties, the theoretical
lattice parameters a, bulk moduli B0 as well as band struc-
tures were calculated using the PBE and the HSE functional.

A. Lattice constants and bulk moduli

In Table II the results on the structural and elastic prop-
erties are summarized and compared to previously reported

TABLE I. Experimental lattice constants a0, core radii rc for the
PAW potentials, and kinetic energy cutoffs Ecut for the plane wave
basis sets are summarized. If the core radii differ for different an-
gular quantum numbers l, they are specified for each l indicated in
parenthesis. Nonlocal projectors were generated for the states listed
in the column “valence.” As local PAW-potential a pseudopotential
was generated for the states indicated in the column “local.”

a0

�Å� Valence Local
rc

�a.u.�
Ecut

�eV�

C 3.5670a 2s2p 3d 1.2�s�, 1.5�p ,d� 600

Si 5.4310a 3s3p 3d 1.9 400

Ge 5.6524b 4s4p3d 4f 2.2�d�2.3�s , p , f� 600

�-Sn 6.4830c 5s5p4d 5f 2.5 400

aReference 45.
bReference 46.
cReference 47.
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results from first-principles calculations, as well as experi-
mental findings. We first note that the present results agree
very well with full-potential �FP� linearized augmented plane
wave �LAPW�51 and Gaussian-type orbital �GTO� results
published before. For comparison, also the lattice constants
for the norm-conserving pseudopotentials, which were used
in the previous phonon calculations, are summarized from
Refs. 11–13. Due to the neglect of core-valence interactions
�nonlinear core effects in the exchange and correlation�, the
norm-conserving pseudopotentials �NC-PP� underestimate
the lattice constants with severe and unacceptably large er-
rors for �-Sn, pointing toward some deficiency of the NC Sn
potential. We will return to this issue later.

When analyzing the results presented in Table II the
following—meanwhile widely manifested—trends are ob-
served. First, for all studied materials, PBE overestimates the
lattice constants resulting in an underestimation of the bulk
moduli. This underestimation of the bulk modulus is one
order of magnitude larger than the overestimation of the lat-
tice constant emphasizing the high sensitivity of the former
to the volume. When focusing on the PAW-PBE lattice con-

stants in Table II, a significant increase of the relative error
compared to experiment is observed within the series. While
for C and Si the lattice constants deviate less than 1% from
the experimental value, the discrepancy is 1.8% and 2.6% for
Ge and �-Sn, respectively. The resulting errors in the bulk
moduli increase from roughly 3% �C� to 35% ��-Sn� in the
group-IV series. This can be explained by the presence of
semicore d electrons that are not well described using PBE in
the latter two materials.

Interestingly, an analysis of the PAW-LDA values reveals
that LDA yields too small lattice parameters but is more
consistent than PBE with a smaller relative increase of the
lattice constants along the series. Furthermore, inclusion of
zero-point vibration effects in a simple Debye model, in-
creases the theoretical lattice constants by 0.6%, 0.2%, 0.2%
and 0.15% for C, Si, Ge and Sn,53 yielding lattice constants
within 0.3% for group-IV solids. This is, in fact, a remark-
able performance, not achieved by the other functionals.

The HSE functional generally decreases the lattice con-
stants compared to PBE. The reduction is small for C and Si
�0.6%�, but fairly large for Ge and �-Sn �1.5%�, which is

TABLE II. The optimized theoretical lattice constants a �Å� and bulk moduli B0 �GPa� calculated using different xc functionals �LDA,
PBE, PBEsol, and HSE� are compared to previously reported values from first-principles calculations with local basis sets �GTO�, the
full-potential linearized augmented plane wave �FP-LAPW� method, as well as the norm-conserving pseudopotentials �NC-PP� and experi-
mental findings �Ref. 45�. The relative error compared to experiment for the calculated lattice constants is given in parentheses. Zero point
vibration corrections have not been applied.

LDA PBE PBEsol HSE EXPT.a

a B0 a B0 a B0 a B0 a0 B0

C

PAWb 3.538�−0.8%� 466 3.574�+0.2%� 431 3.557�−0.3%� 451 3.549�−0.5%� 467 3.567 442

GTOc 3.537�−0.8%� 454 3.579�+0.3%� 422 3.553�−0.4%� 458

LAPWd 3.536�−0.9%� 469 3.575�+0.2%� 434 3.557�−0.3%�
NC-PPf 3.530�−1.0%� 473

Si

PAWb 5.413�−0.3%� 96 5.469�+0.7%� 88 5.436�+0.1%� 93 5.435�+0.1%� 98 5.431 94.8−

GTOc 5.410�−0.4%� 95 5.479�+0.9%� 89 5.444�+0.2%� 99 99

LAPWd 5.407�−0.4%� 96 5.475�+0.8%� 89 5.438�+0.1%�
NC-PPf 5.398�−0.6%�
Ge

PAWb 5.627�−0.5%� 73 5.760�+1.8%� 58 5.674�+0.3%� 67 5.682�+0.4%� 71 5.657 73.6−

GTOc 5.634�−0.4%� 5.776�+2.1%� 5.701�+0.8%� 74.9

LAPWd 5.625�−0.6%� 73 5.763�+1.9%� 60 5.678�+0.4%�
NC-PPf 5.609�−0.8%�
�-Sn

PAWb 6.481�−0.2%� 45 6.657�+2.6%� 35 6.542�+0.8%� 42 6.561�+1.1%� 43 6.491 54.6

LAPWd 6.473�−0.3%� 46 6.655�+2.5%� 36 6.540�+0.8%�
PAW�SOC�e 6.659�+2.6%� 35

NC-PPf 6.38�−1.7%�
aExperimental values at ambient conditions from Reference 45.
bThis work using the LDA, PBE, PBEsol, or the HSE06 functional.
cFrom References 52 and 23 using the PBE or the HSE03 functional.
dFrom References 51 and 53 using the LDA, PBE, and PBEsol functional.
eThis work using the PBE functional and taking into account spin-orbit coupling �SOC�.
fLDA values from References 11–13.
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most likely related to a contraction of the 3d and 4d shell
when going from PBE to HSE. Without zero-point vibration
corrections, the HSE functional slightly underestimates the
lattice constant of C, but overestimates it for the other mate-
rials, and the error increases again with increasing mass. Af-
ter inclusion of zero-point vibration effects �0.6%, 0.2%,
0.2% and 0.15% for C, Si, Ge and Sn� �Ref. 53� the HSE
lattice constants for C and Si are in excellent agreement with
experiment, whereas those of Ge and �-Sn are roughly 0.5%
and 1.3% too large.

Remarkably, the PBEsol functional yields similar results
as the HSE functional. For C, the lattice constant is slightly
larger than for the HSE approach, whereas for Ge and �-Sn
it is 0.2% smaller than for HSE. For PBEsol, the bulk moduli
are consistently softer than for HSE and therefore in slightly
worse agreement with experiment than for HSE. This sug-
gests a slightly softer effective interatomic potential, which
is confirmed below, with PBEsol predicting smaller phonon
frequencies than HSE.

In the case of �-Sn, we also studied the importance of
spin-orbit coupling �SOC�. The PBE volume optimization

revealed that including relativistic effects for the valence
electrons causes only minor changes in the structural and
elastic properties.

B. Band structures and gaps

The band structures of the entire series are depicted in
Figs. 1–4, and the band gaps are summarized in Table III.
Although all group-IV elements have an s2p2 valence elec-
tron configuration, the materials exhibit quite different elec-
tronic properties. Within the series, the valence s orbitals
move down in energy compared to the total bandwidth of the
valence band. The lowering of the s shell �compared to the
bandwidth� is for instance visible in the almost constant s-p
energy separation of 3 eV at the L point throughout the se-
ries. It is a result of relativistic effects and the occupation of
the 3d shell in Ge and 4d shell in Sn. The progressive low-
ering of the valence s shell determines all trends across the
series. �i� The tendency toward the formation of sp3 hybrid
orbitals becomes weaker along the series and resultantly the
metallicity increases: �-Sn easily transforms to the metallic
�-Sn with a crystal structure intermediate between diamond
and the face centered cubic structure, and lead �Pb� is a
metal. �ii� The conduction band is dominated by s and p like
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FIG. 1. �Color online� PBE and HSE band structures of diamond
along L�X. The band character is indicated by circles, where the
size correlates with the amount of s and p character, respectively.
The top of the valence band is marked by the dashed line. The
fundamental electronic gap is indicated by the arrow.
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FIG. 2. �Color online� Analogous to Fig. 1: band structures of
silicon.
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FIG. 3. �Color online� Analogous to Fig. 1: band structures of
germanium.
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FIG. 4. �Color online� Analogous to Fig. 1: band structures of
�-Sn. Fermi-level is marked by the dashed line.
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antibonding hybrid orbitals. With the lowering of the valence
s orbital, also the antibonding s states move down in energy.
In C and Si, the bottom of the conduction band has predomi-
nant p-like character, whereas in Ge and Sn, s orbitals domi-
nate the bottom of the conduction band. Matter of fact, this
again goes hand in hand with an increasing metallicity. Ad-
ditionally, the occupation of the 3d and 4d states affects de-
tails of the conduction bands, with increasing d character for
Ge and Sn.

PBE fails to reproduce the correct band order in Ge and
suggests a direct fundamental band gap located at � instead
of the indirect gap with the valence band maximum �VBM�
located at � and the conduction band minimum �CBM� at L.
Moreover, it yields a metallic ground state solution �negative
energy gap� for �-Sn. HSE corrects these shortcomings and
provides the right ground state solutions and band structures
for all materials within the series.

Concerning the energy gaps summarized in Table III, PBE
severely underestimates the indirect fundamental energy
gaps for C, Si, and Ge, as well as the direct gaps at the
�-point. Similar observations are made for PBEsol �not
shown�, which predicts band gaps that are typically 0.05 eV
smaller than the PBE values. The errors of semilocal func-
tionals are well-known to be related to �i� the incomplete
cancellation of self-interaction within the valence band re-
sulting in too shallow valence electrons and �ii� the complete
absence of the discontinuity of the derivative of the xc po-
tential with respect to the number of electrons. HSE also
lacks an integer discontinuity, but due to the nonlocal
screened exchange operator the HSE one-electron gaps com-
pare well with experiment. In the case of Ge, the HSE gaps
are too large, as long as SOC is neglected. Inclusion of SOC,
however, brings the results again within 5% of experiment.
Remarkably, using HSE the zero-gap semiconducting ground
state of �-Sn is well reproduced.

C. Phonon-dispersion relations

1. Carbon

In the following, the phonon-dispersion relations of the
group-IV elemental solids calculated with different xc func-
tionals are discussed. Phonon frequencies of the transversal
and longitudinal acoustic �TA/LA� and optical �TO/LO�

modes, respectively, at selected high symmetry points are
given in Table IV together with experimental findings55–59

and previously reported DFT calculations using norm-
conserving pseudopotentials and density functional perturba-
tion theory.11–13 In the present investigation, accurate PAW
potentials and the supercell approach with 64 atoms in cubic
supercells were applied �4�4�4 k-points�.

For the reasons outlined in Sec. II B, volume effects are
investigated on the level of LDA first �see Fig. 5�. To this
end, we have calculated the dispersion relation at the experi-
mental ambient equilibrium lattice constant �a0=3.567 Å�
and at the theoretical LDA lattice constant �a=3.5296 Å,
without zero-point corrections, which increase the theoretical
lattice constant of diamond by 0.6%�. This choice was moti-
vated by the observation, that the previously published
NC-PP LDA calculations11–13 have been performed at the
LDA lattice constant. We however also note that Ref. 43
points out that the calculated data for C have been rescaled
for the comparison to the experimental phonon frequencies
at room temperature.

As a result of the small LDA volume, the phonon frequen-
cies are larger than those obtained from LDA calculations at
the experimental a0 as demonstrated in Fig. 5. The volume
effect is particularly pronounced for the optical branches,
e.g., the zone-center optical mode �LO/TO is roughly 1.3 THz
larger at the LDA lattice constant than at the experimental a0.
For this reason and also due to the previously mentioned
scaling, perfect agreement between theory and experiment
had been claimed in Refs. 11 and 43. This, however, is de-
ceiving without denying that a tendency for error compensa-
tion exists in the LDA. LDA predicts too small volumes, and
at these too small volumes many vibrational frequencies
agree exceptionally well with experiment. However, even
this cancellation cannot be universal. At the LDA volume
elastic moduli are usually 5–10 % too large compared to
experiment �see Table II�, and since the elastic moduli cor-
respond to a linear combination of the slopes of the acoustic
phonon branches around �, the slopes cannot agree well with
experiment. Admittedly, a 5% error in some acoustic
branches will be hardly noticeable in the way phonon-
dispersion relations are usually presented, but evaluation at
the experimental volume should reduce these errors.

Furthermore, inclusion of zero-point vibration corrections
for the volume will also require one to increase the lattice
constant by 0.6% worsening agreement with experiment. For
the remainder of the work, we have therefore decided to stick
in most cases to the experimental lattice constants, well
aware of the fact that this leads to a violation of sum rules,
since the external pressure is nonzero. To determine whether
and how differences in the potentials might be responsible
for differences to previous publications, we have determined
the phonon frequencies at the LDA volume using LDA PAW
potentials for selected cases as well. In addition, HSE pho-
non frequencies at theoretical HSE volumes �without zero-
point vibration corrections� are presented for all considered
materials, in order to test the quality of this functional with-
out resorting to any experimental parameters �the experimen-
tal lattice constants in this case�. Table IV indicates that the
potentials make little difference for diamond with discrepan-
cies being smaller than 0.4 THz �13 cm−1, see Table IV rows
NC-PP LDA and PAW LDA�.

TABLE III. PBE and HSE fundamental electronic band gaps as
well as direct band gaps evaluated at the �-point in �eV� compared
to experimental findings �Refs. 42, 45, and 54�. The abbreviation
”ind” points out that the fundamental gap is indirect.

�eV�

PBE HSE EXPT.

Eg �ind� Eg ��� Eg �ind� Eg ��� Eg �ind� Eg ���

C 4.13 5.59 5.26 6.98 5.46–5.60 7.3–7.4

Si 0.58 2.57 1.15 3.33 1.12 3.40

Ge 0.21 0.09 0.85 0.94 0.66 0.81

Ge �SOC� 0.71 0.77 0.66 0.81

�-Sn −0.67 0 0–0.10
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In Fig. 6 the calculated phonon-dispersion relation of dia-
mond is compared to experimental data.55,60–62 Compared to
the LDA results shown in Fig. 5, the phonon frequencies

obtained with PBE are higher at the experimental volume
and in reasonable agreement with experiment. The PBEsol
values are generally between the LDA and the PBE values,

TABLE IV. Calculated phonon frequencies of group-IV elemental solids at high symmetric points in comparison with experiment �Refs.
55–59� and previously reported DFT calculations using norm-conserving pseudopotentials �NC-PP� and density functional perturbation
theory �Refs. 11–13�. All values are given in THz. The lattice constant used for the particular calculation is given in the second column.

�THz�
a

�Å� �LO/TO XTA XLA/LO XTO LTA LLA LLO LTO

C

NC-PP LDAa 3.530 39.7 24.0 36.8 32.8 16.8 32.4 38.2 36.9

PAW LDA 3.530 39.9 23.6 36.7 33.1 16.5 32.4 37.9 37.1

PAW LDA 3.567 38.6 23.4 35.7 31.6 16.4 31.1 37.3 35.7

PAW PBEsol 3.567 38.9 23.2 35.8 32.1 16.2 31.5 37.2 36.1

PAW PBE 3.567 39.0 23.4 35.9 32.1 16.4 31.5 37.4 36.1

PAW HSE 3.567 40.4 24.0 36.8 32.9 16.7 32.1 38.4 37.3

PAW HSE 3.549 41.0 24.1 37.3 33.6 16.8 32.7 38.7 37.9

EXPT.b 3.567 40.3 24.2 36.1 32.6 16.4 31.0 37.2 36.3

Si

NC-PP LDAc 5.398 15.5 4.4 12.4 14.0 3.3 11.3 12.6 14.8

PAW LDA 5.431 15.2 4.2 12.1 13.6 3.2 11.1 12.1 14.4

PAW PBEsol 5.431 15.3 4.0 12.2 13.7 3.1 11.1 12.3 14.6

PAW PBE 5.431 15.4 4.2 12.3 13.8 3.2 11.2 12.4 14.6

PAW HSE 5.431 15.9 4.7 12.6 14.1 3.5 11.6 12.7 15.1

PAW HSE 5.435 15.8 4.7 12.6 14.0 3.5 11.6 12.5 15.0

EXPT.d 5.431 15.5 4.5 12.3 13.9 3.4 11.4 12.6 14.7

Ge

NC-PP LDAc 5.609 9.17 2.40 7.28 8.24 1.86 6.72 7.34 8.72

PAW LDA 5.652 8.71 2.33 6.97 7.85 1.90 6.50 6.97 8.31

PAW PBEsol 5.652 8.78 2.20 7.02 7.97 1.81 6.48 7.09 8.40

PAW PBE 5.652 8.91 2.14 7.12 8.14 1.79 6.51 7.27 8.55

PAW HSE 5.652 9.16 2.40 7.29 8.26 1.85 6.74 7.37 8.74

PAW HSE 5.682 9.01 2.43 7.16 8.07 1.85 6.68 7.17 8.57

EXPT.e 5.652 9.11 2.40 7.22 8.27 1.89 6.66 7.34 8.69

�-Sn

NC-PP LDAf 6.38 5.9 1.2 4.7 5.5 1.1 4.2 4.9 5.7

PAW LDA 6.38 5.83 1.05 4.83 5.86 1.01 4.16 5.19 5.99

PAW LDA 6.483 5.45 1.23 4.56 5.45 1.10 4.01 4.78 5.62

PAW PBEsol 6.483 5.51 1.08 4.60 5.55 1.02 4.01 4.88 5.70

PAW PBE 6.483 5.70 0.94 4.68 5.68 0.95 4.04 5.03 5.82

PAW HSE 6.483 6.10 1.10 4.75 5.73 0.86 4.19 5.06 5.92

PAW HSE 6.561 5.86 1.21 4.56 5.42 0.92 4.11 4.77 5.65

EXPT.g 6.483 6.0 1.3 4.7 5.5 1.0 4.2 4.9 5.7

aLDA values from Reference 11.
bExperimental values measured at 296 K from Reference 55.
cLDA values from Reference 12.
dExperimental values measured at 300 K from References 56 and 57.
eExperimental values measured at 80 K from Reference 58.
fLDA values from Reference 13.
gExperimental values measured at 90 K from Reference 59.
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but closer to the PBE results, except for the transverse acous-
tic branches �XTA,LTA� that are softer than for PBE and LDA
using PBEsol. The same is observed for Si �see below�.

HSE, on the other hand, increases the phonon frequencies,
in particular, those of the optical modes, which are related to
ions moving out of phase within one unit cell. The stiffening
of the optical modes is almost constant throughout the entire
Brillouin zone, pointing toward an increased nearest-
neighbor interaction due to the inclusion of nonlocal HF ex-
change. The agreement with experiment is good for both
PBE and HSE. On average, HSE yields slightly too high
frequencies in particular close to the L point �compare Table
IV�, whereas PBE underestimates the frequencies, in particu-
lar for the �LO/TO and XTA/TO modes. PBEsol results are ly-
ing between LDA and PBE, resulting in a slightly more pro-
nounced underestimation of the frequencies than for PBE.

For completeness, we have also included the HSE fre-
quencies at the theoretical HSE volume �not corrected for
zero-point vibration effects�. Since zero-point vibration ef-
fects increase the volume by 0.6% for C,53 bringing about

perfect agreement with the experimental volume, we only
comment that a decrease of the volume increases the phonon
frequencies by 2%, which would worsen agreement with ex-
periment further. However, because zero-point vibration ef-
fects should be included in the theoretical volume, these re-
sults are not particularly relevant.

Within the series, diamond exhibits one unique feature in
the phonon-dispersion relation, the overbending of the upper-
most longitudinal optical �LO� branch: the phonon-
dispersion maximum is not located at the � point. Concern-
ing the magnitude of this overbending �only a few meV� and
the q direction where it appears, different experiments, such
as inelastic neutron scattering �INS�,63 inelastic X-ray scat-
tering �IXS�,60 and high resolution IXS �HRIXS� �Ref. 61� as
well as ab initio calculations64,65 give contradictory results. It
is generally argued that the dispersion maximum of the LO
mode slightly above the zone-center optical phonon fre-
quency �0 causes a peak in the one-phonon density of states
�DOS�. The latter is also projected onto the two-phonon DOS
at a frequency above 2�0 and tentatively explains the experi-
mentally observed anomalous maximum in the second-order
Raman spectrum of diamond at an energy that is roughly
25 cm−1 �3 meV� greater than twice �0.64 A prerequisite for
the appearance of this peak is that the LO branch has a mini-
mum at �. This in turn requires the optical phonon mode to
exhibit an overbending in all q directions. If the LO branch
has a saddle point at �, the peak in the second-order Raman
spectrum would be located exactly at 2�0, whereas a maxi-
mum would not result in any peak.64 The origin of this over-
bending can be traced back to the bond-bending forces being
stiffer in diamond than in other tetrahedrally bonded semi-
conductors due to more tightly bound sp3 hybridized elec-
trons. This leads to particularly strong effective second-
nearest neighbor forces.60 An alternative interpretation of the
peak in the second-order Raman spectrum relies on an
anomaly in the bond polarizability without invoking any spe-
cial features in the phonon spectrum.66 In order to resolve
this issue, we focus on the LO mode and evaluated our data
with respect to the overbending as shown in Fig. 7 and Table
V. For this analysis the phonon calculations were repeated
using a �4�4�4� supercell containing 512 atoms to be able
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FIG. 5. �Color online� Phonon-dispersion relations ��q� of C
calculated using LDA along the path �−X−K−�−L. This path cor-
responds to the q directions 	 ��−X or �100��, 
 ��−K−X or
�110��, and � ��−L or �111��. The LDA phonon modes were cal-
culated at the experimental equilibrium lattice constant a0

=3.567 Å and at the LDA optimized one �a=3.5296 Å� taken
from Ref. 11. The experimental values have been taken from Ref.
55 �open symbols� and Ref. 60 �full symbols� and were measures at
ambient conditions �a0=3.567 Å�.
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to capture fine details in the dispersion relation. The LDA/
PBE calculations suggest an overbending in all three direc-
tions. The overbending is most pronounced along 	 �2.5
meV� and still sizable along � �1 meV�. Except for 
 our
values agree very well with NC-PP LDA calculations.11,64,63

The remaining small discrepancies might be related to differ-
ent pseudopotentials �1 meV according to Ref. 63�, or differ-
ent volumes �unlikely according to our test calculations� or
the supercell approximation we have used.

In comparison to experiment, the main issue is that the
LDA and PBE values are significantly larger then the experi-
mental estimates of 1.5�0.3 meV �	� and 0.4–0.6 meV
���, respectively. Moreover, the maximum along 	 ��� ap-
pears at larger q �smaller q� than experimentally observed.
The HSE calculations clearly yield a much reduced over-
bending along 	 �1.2 meV�, resulting in very good quantita-
tive agreement with the INS as well as IXS data of Kulda et
al.60,63 Furthermore, the location of the maximum is close the
experimentally observed one. For 
 and �, the HSE values
are also significantly reduced compared to the PBE values
�again typically by 1 meV�, such that the overbending be-
comes very small �0.2 meV� along � and negligible along 
.
This essentially agrees with the experimental observations.

In conclusion, the HSE calculations presented in this
work suggest that the LO phonon branch exhibits a very
weak minimum at �, with negligible overbending along 
.
Semilocal functionals clearly overestimate the overbending
by about 1 meV. The experimentally observed values60,61,63

are consistent with our prediction, but the experimental
spread and the precision of our present calculations are not
quite sufficient to entirely confirm or exclude an overbending
along 
. It is however certain, that hybrid functionals reduce
the overbending by about 1 meV yielding better overall
agreement with experiment.

2. Silicon

Within the group-IV elemental solids, Si represents the
most “ideal” semiconductor. In Fig. 8 the calculated lattice
dynamics are compared to experiment.56,57,67 In contrast to

C, the highest optical mode is the transversal one. As for C,
PBE and PBEsol yield almost identical results, except for the
transverse acoustic branches �XTA, LTA� which are again too
soft for PBEsol. The differences between PBE and HSE are
also very similar as for C diamond, with HSE yielding
greater phonon frequencies than PBE. Except for a slight
underestimation of the LO and TO branches as well as the
TA branches, the PBE lattice dynamics agree quite well with
the experimental findings. The HSE functional overcorrects
and slightly overestimates the frequency of the optical modes
throughout the entire Brillouin zone. On the other hand, a
noticeable improvement for the TA modes along 
 is
achieved. As the theoretical HSE lattice constant is close to
the experimental one, the influence of the choice of the lat-
tice constant on the phonon frequencies �theory or experi-
ment� is negligible for Si. As for C, PBEsol yields phonon
frequencies between PBE and LDA, again with the exception
of the TA modes, which become much too soft.

In summary, PBE and HSE yield reasonable results at the
experimental volume, with HSE having a tendency toward
overestimation and PBE a slight tendency for underestima-
tion. The underestimation is more pronounced in PBEsol and
even stronger in LDA.

3. Germanium

The phonon spectrum of Ge is presented in Fig. 9. The
improvement from PBE to HSE is a little bit more evident
for Ge �and rather profound in �-Sn, see below�. As already
pointed out in Sec. III B, HSE is able to yield the correct
electronic band structure for these solids and we believe that
this is eventually the main reason why HSE gives a better
description of the phonon modes than PBE. PBE again un-
derestimates the highest frequency optical branches and HSE
raises the frequencies in particular at the � point ��LO/TO�
bringing about better agreement with the experimental dis-
persion relation. The improvement by HSE is also significant
for the transversal acoustic branches TA1 and TA2 through-
out the spectrum thus yielding excellent agreement with ex-
periment. Evaluating the HSE phonon dispersion at the the-
oretical HSE lattice constant leads to slightly smaller
frequencies for the optical modes �but still in good agree-

TABLE V. Overbending of the LO branch in diamond �meV�
along the q directions 	, 
, and �.

�meV� 	 
 �

NC-PP LDAa 2.5–3.2 1.0–1.4 1.4–1.8

PAW LDA 2.4 0.5 1.3

PAW PBE 2.2 0.3 1.1

PAW HSE 1.2 0.0 0.2

EXPT. HRIXSb 1.2 0 0

EXPT. INSc 1.5�0.3

EXPT. IXSd 0.9–1.9 0.2 0.4–0.6

aDFPT NC-PP calculations using LDA as described in References
11 and 64. Values are taken from Table I in Reference 63 and Table
I in Reference 60.
bHigh resolution inelastic x-ray scattering data from Reference 61.
cInelastic neutron scattering data from Reference 63.
dInelastic x-ray scattering data from Table I in Reference 60.
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ment with experiment�, while the acoustic branches remain
effectively unchanged. Again PBEsol yields phonon frequen-
cies in between LDA and PBE, and usually the frequencies
follow the order PBE
PBEsol
LDA. Only for the TA
branches at X and L, this order is reversed �LDA
PBEsol

PBE�.

Note that the Ge calculations correspond to the low tem-
perature lattice constant �80 K�, since the vibrational fre-
quencies were measured at this temperature. To complement
these results, we also performed calculations at the room
temperature lattice constant �as done before for C and Si�,
and found somewhat different changes from PBE to HSE. At
the room temperature lattice constant, changes in the fre-
quencies of the longitudinal acoustic �LA� modes were mi-
nor from PBE to HSE, and only the LO and TO branches
increased from PBE to HSE. This is very similar to the re-
sults for C and Si, and indicates that even small changes in
the lattice constant can have a dramatic impact on the results
and how the functional affects the phonon frequencies.

4. �-Tin

For �-Sn, our present PBE calculations yield results of
moderate quality only �see Fig. 10�. This is astonishing, since
the previous NC-PP calculations gave virtually perfect agree-

ment with experiment. We therefore first determined whether
the former good agreement was related to the use of the LDA
volume. However, with the PAW technique we were not able
to reproduce the NC-PP �-Sn results even at the LDA vol-
ume �compare Table IV�. Generally the PAW method yields
harder frequencies for the optical modes at the X and L
point, whereas at the � point similar results as for the NC-PP
calculations are found. This, however, implies that the dis-
persion along �X and �L is qualitatively wrong �flat� and
similar to the PBE results at the experimental volume �see
Fig. 10�. We carefully tested a number of different PAW
potentials to be certain that our results are technically well
converged. Also note that the excellent accuracy of the PAW
potentials was already confirmed by the comparison with the
LAPW lattice parameter and bulk modulus in Table II, and
indeed we found the results to be robust with respect to the
PAW parameters. This indicates that the previous agreement
between theory and experiment was fortuitous and cannot be
reproduced using state of the art techniques: converged LDA
or PBE calculations do not agree with the experimentally
measured phonon-dispersion relation and predict a qualita-
tively incorrect dispersion for the optical branches. At the �
point, the TO and LO modes are too soft, and the acoustic
modes show anomalous dispersion at X, as well. One pos-
sible explanation of the observed softening is a coupling be-
tween the states at the Fermi-level and the �-point phonons.
To confirm this conjecture, we performed one calculation
with the 4d electrons in the core and sampling the Brillouin
zone at a single special k-point �0.25,0.25,0.25� 2� /a. With
this setup, Sn became artificially insulating �� point is
avoided�, and indeed the phonon frequencies agreed now
reasonably with experiment �and the previous NC-PP calcu-
lations�. This confirms our conjecture: the incorrect elec-
tronic band order at � in LDA/PBE causes the observed
phonon softening at �.

The HSE functional repairs these deficiencies by restoring
a semimetallic behavior. Accordingly it yields the correct
dispersion relation for the optical branches, even in the limit
of many k points. Furthermore the description of the acoustic
modes is much improved at the X point �but worsens slightly
at the L point�. Since the difference between the theoretical
HSE and experimental lattice constants is 1.1% for �-Sn, the
phonon modes become significantly softer at the theoretical
lattice constant. While the optical phonon frequencies were
overestimated at the experimental lattice constant, they are
underestimates at the theoretical volume. On the other hand,
the frequencies of the acoustic modes increase with the lat-
tice constants, yielding better agreement with experiment at
the theoretical HSE lattice constant. Hence overall, the HSE
results at the theoretical HSE lattice constant are in even
better agreement with experiment than at the experimental
lattice constant.

The changes from PBE to PBEsol are almost identical to
Ge, with the PBEsol frequencies lying between the LDA and
PBE values. Again, the frequencies usually increase from
LDA over PBEsol to PBE, with the exception of the TA
modes, which become softer from LDA over PBEsol to PBE.

IV. DISCUSSION

In this work, the HSE hybrid functional has been used to
calculate the lattice dynamical properties of the group-IV
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elemental solids including diamond, silicon, germanium, and
gray tin. The results have been compared to local and
semilocal density functionals, LDA, PBE and PBEsol, to
previous calculations and to experimental findings. Regard-
ing the structural, elastic and electronic properties of these
materials, HSE yields results superior to LDA and PBE, in
particular, for Ge and �-Sn, which both possess semicore d
electrons. The lattice constants, bulk moduli, as well as the
band gaps are in good agreement with experiment in contrast
to PBE, which severely �i� overestimates the lattice con-
stants, �ii� underestimates the bulk moduli, �iii� underesti-
mates the band gaps, and �iv� incorrectly predicts a metallic
ground state for �-Sn. Except for the band gaps, which re-
main on the PBE level, PBEsol predicts remarkably similar
structural properties as HSE.

For the lattice dynamics, we have emphasized that good
but fortuitous agreement with experiment can be achieved by
choosing LDA optimized lattice constants and by comparing
to experimental data measured at ambient conditions. LDA
underestimates the volume, and LDA also underestimates the
vibrational frequencies. Both effects seem to cancel to some
extent, i.e., by evaluating the vibrational frequencies at a
smaller volume than considered experimentally reasonable
agreement with experiment is often found.

If the vibrational frequencies are evaluated at one specific
volume, we find that the phonon frequencies of the optical
branches increase from LDA, over PBEsol to PBE. Among
the three semilocal functionals, PBE yields the best agree-
ment with experiment at the experimental volume, with a
slight tendency toward too soft frequencies, confirming a
similar trend already observed for BaTiO3 or SrTiO3.34 The
hybrid HSE functional increases the vibrational frequencies
even further, resulting in an overestimation of the vibrational
frequencies which is most pronounced for the optical modes.
The overestimation is rather constant throughout the entire
Brillouin zone, pointing toward too stiff nearest-neighbor in-
teractions. With the exception of �-Sn, the overall agreement
with experiment is already exceptionally good at the PBE
level. The only issue is that such calculations at the experi-
mental volume induce a significant pressure, since the PBE
functional overestimates the lattice constants significantly.
Unfortunately, the PBEsol functional, which predicts more
accurate lattice constants than PBE, tends to underestimate
the vibrational frequencies. We are therefore left with the
slightly troublesome result that the two functionals that pre-
dict the best equilibrium volumes either underestimate �PBE-
sol� or overestimate �HSE� the vibrational frequencies. A hy-
brid functional using PBEsol for the local part of the

exchange and correlation energy might solve this problem.
Although, changes from PBE to HSE are generally only

qualitative, for �-Sn the hybrid functional improves signifi-
cantly upon semilocal functionals. �-Sn is predicted to be a
metal using the PBE functional, causing an anomalous soft-
ening of the optical phonon modes at the � point, if the
calculations are performed carefully using an accurate sam-
pling of the Brillouin zone. We infer that an incorrect de-
scription of the electronic band structure can have a serious
impact on other measurable materials properties, such as the
phonon-dispersion relation, an effect that has been largely
disregarded in literature. The HSE functional repairs the de-
ficiency and predicts a semimetallic behavior for �-Sn allow-
ing an accurate prediction of the vibrational properties of
�-Sn.

Finally, for diamond we have carefully analyzed the over-
bending of the highest optical mode. We find that the hybrid
functional reduces the overbending by about 1 meV com-
pared to local and semilocal functionals, resulting in better
overall agreement with experiment. We found overbending
along all directions but 
, where the dispersion is essentially
flat. This is in agreement with experiments which are also
hardly able to determine whether the optical mode overbends
along 
.

V. CONCLUSION

With the exception of �-Sn, semilocal and hybrid func-
tionals yield very similar vibrational frequencies, with
semilocal functionals tending to underestimate the vibra-
tional frequencies and the hybrid HSE functional tending to
overestimate the frequencies. The vibrational frequencies of
the optical modes increase from LDA, over PBEsol toward
PBE, and PBE generally gives best agreement with experi-
ment at the experimental volume. Considering the huge com-
putational effort of hybrid functionals, PBE seems to be the
best pragmatic choice for phonon calculations, as long as the
band structure is described qualitatively correct. For �-Sn
this is not the case, and PBE predicts �-Sn to be a metal,
resulting in a significant softening of the optical modes at �.
In this case, only hybrid functionals yield qualitatively cor-
rect results.
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